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Cyclotomic classes

GF(q),q a prime power q=-ef+1

a : a primitive element

o o o pa
C; = {a},aie ait?e, ... it —Dey

fori=0,1,....,e—1

Example

GF(13), 13=3-4+1

2 : a primitive element
Co = {2°,2°,25,2%}
Cl — {21’ 24’ 27’ 210}
02 — {227 257 287 211}

(Internal) difference family

Co={1, 8, 12, 5},
C={2,3, 11, 10},
C:=1{4,6,9, 7}

={1,1,1,2,2233,3,4,4,4,5,
55,6,6,6,7,7,7,8,8,8,9,9,
9,10, 10, 10, 11,11, 11,12, 12,12}

=3 (GF(13)\ {0}
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Theorem

Let Co,Ch,...,Ce—1  cyclotomic classes
g=ef+1 aprime

> A(Ci) = MZy \ {0})
A=f-1

=> An Optimal Frequency Hopping Sequence

A property on external differences

B, = (Co,C1,C%)
B, = (C1,C3,Co)

A13(Co, C1) + A13(C1, Co) + A13(Ca, Co)

,4,4,4,4,5,5,5,5,6,6,
9 0, 10, 10, 10, 11,

o
o
N
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®n
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©ow
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11,11, 11,12,12,12, 12}

=4 (GF(13)\ {0})




Bo = (Co, Ct, .., Cot)
B, = (C1,Cy, ..., Co)

Eefl = (Cefly CU: ceey Cefz)

Theorem (Chu and Colbourn)
g=ef+1 aprime
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g=2ef+1| aprime

D= {a% |1<i<(g—1)/2} asubgroup of order ef
a difference set

Theorem (Tonchev)

C; = {aZi,a2(i+e)’ a2(i+25), .y a2(i+(f—1)e)}

fori=0,1,...,e—1 subgroup and its cosets of D

B={Cy,Ci,..,Co1} DSS p=@-2i-1)4

regular and perfect

e—1
D Ay(Ci, Cisx) = f(Zg\{0})  for any k
i=0
=> Optimal Frequency Hopping Sequences
if f>2ande>3f
=> Cyclic Ba[7anced Arrays
Example

v =31=2-5-3+1 w3 as a primitive element modulo 31

Co={3%=1, 36 =16, 312=8, 3'8 =4, 324 =2}
C2= {9, 20,10, 5,18} = Co32
Csa=1{19, 25,28,14, 7} = Co3*

ﬁ = {CU: CZ, 04}

Z A31(Ci) = 2(Z31 \ {0})
A31(Co U C2 U Cy) = 7(Z31 \ {0})

the union is a difference set

ZAM(Q, C;) = 5(Z31 \ {0})

i#f

difference family

difference system of sets

On an Extension Field

GF(3%):9= 2441 (@®=a+1)

a : a primitive element

Co = {a®,a?, 04, 0%}

Cr ={at,a?,05,a"}

Agr(9)(Co) + Agrey(C1) = 3(GF(9) \ {0})

{Co, C1} is a difference family on the
additive group of GF(9)

However

Co Cl
Co+1 Ci+1
Co+2 Ci1+2

is not a cyclic
design.

Discrete Log log(e’) =i

GF(q), gq=ef+1 an extension field
Cyclotomic classes : Cp,C1, ..., Ce—1

fori#0
[Di =log (C; — 1) = {log (¢ — 1)|c € Ci} C Zg ]

fori=0

[Do _ { {(g—1)/2} Ulog(Co — 1) \ {o0} if g is odd
{0} Ulog(Co — 1) \ {00} if ¢ is even

|

replace « by (g-1)/2 or O

12
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Example GF(3?):9= 2-4+1

D=ZA,1,1(D]-) 0 2 4 6
i Co={a",a* a" a’}

)\i(D) : the number of the integer 7 C= {al,aa,as,a7}

which appears in D
D} =log(Co—1)

=log{a® —1=0,02-1=qa,0t -~ 1=0a%a® - 1=0%}
={d1.0.3

Do = {&)1,0,3}

Theorem(Ding and Yin)

AM(D)<f forl<i<qg-1 Dy = log(Ch — 1) = {7,5,6,2}
where GF(q), g=ef +1 As(Do) +As(D1) ={1,1,1,1,2,2,3,3,3,3,4,
4,4,4,5,5,55,6,6,7,7,7,7}
13 14
Example Even case
q=2"=3.5+1 (1+a=oa%
Co = {1,0% a%,a% a?) A15(Do) + A1s(D1) + Ars(D2)
0= ) ) ) )
Cy = {at, et d",a', '} ={1,1,1,1,1,2,2,2,2,2,3,3,3,4,4, 4,4, 4,
27 57 87 117 14 5,5,5,5,6,6,6,7,7,7,7,7,8,8,8,8,8,
C2 = {a* 0% d% ', o™} 9,9,9,10, 10,10, 10, 11, 11, 11, 11, 11,
12,12,12, 13,13, 13,13, 13, 14, 14, 14, 14, 14}
D}y =1log(Co—1) = {Eol 14,13,7,11}
D_1413711} l 1123|4567 [8]9]|10|11[12]13(14
’ - Xi |5|5]3|5]|4|3|5|5|3|4|5]|3[5]5
Dy = IOg(Cl - 1) = {47 1’9’576}
Dy =log(Cy — 1) = {8,10,2,12,3} where g=2' =35+ 1
15 16
B =3 - 5+1
g=ef+1 Bo = (Do, D1, ..., De-1) d
By = (D1, D, .., Do) A15(Dg, D1) + A15(D1, D2) 4 A15(D2, Do)
_ ={1,1,1,1,1,2,2,2,2,2,3,3,3,3,3,3,4,4,4,4,4,5,5,5,5,6,6,6,6,6,6,
Be 1 = (De-1, Do, ., De-2) 111812 15, 12, 12, 12,13, 13, 13,16, 16, 14,14, 14, 14,14y

Fu=_ A 1(Dj,Djiu)
7

Theorem (Ding and Yin)

)‘z(]:u) Sf+2
. 3-25
forl<i<g—1, 1<u<e—1 Note : T=5'357 (avarage of A; )

=> FHS with,e sequences 18




Geometrical Methods

Affine Geometry  AG(n,q)

« : a primitive element of GF(g")

Points

oo 0 1 2 -1
a®=0,a,a,a%,..,0" ", v=g"—1

V ={,0,1,2,..,v— 1}
Line XY
XY={AX+(1-NY | XeGF(9)}

19

The number of t-flats in AG(n,q)

" - Dig™ ' =1)---(g" " =1)
Let H - o =g =1 {g=1)

if 1<t<n,

L, if t=0.

(Gaussian coefficient)

The number of t-flat in AG(n,q) {._f
containing oo : J P

The number of t-flat in AG(n,q) : g M

Example: The lines of AG(3,3)
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Example: Orthogonal Multi-Structured designs

i

From AG(n,g) 7=+

Theorem
There exists an optimal FHS(p" -1, p<*-9, p—1) for
any prime number p,l <t<n and | <c.

Theorem

There exists a row and column design, v= ¢", block
size ¢Xq and the number of blocks b=g"? ;]
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Projective Geometry PG(n-1, q)
o : a primitive element of GF(g")
Points
n
0 1 2 v—1 | 21
o, 0., s v Hq -1

Vv =1{0,1,2,.,0— 1}

Line XY
XY ={X+)XY | XeGF(g)}uU{Y}

o n—1 _
The number of lines: v= m = %




A t-spread is a set of t-flats in PG(n,q) which partition
the points

There exists a t-spread ifand only if t+1 | n+1
There is a special t-spread:

S;i={0+i,m+1i,2m+1,..,(k—1)m+i}
for i=0,1,....m—1

where k:[tﬂL m:{n+1]q/[t+1]q

1 1 1
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oc:r—T+m

O'(S(]) = Sg

1

Lee W={F,F,..,Fu} ":[n_i

be the set of all (++1)-flats containing So

Suppose n=2t+1

Property
(1) W ={Fy,0F,c*Fy,...,c" ' Fy}

(2) ALF; = AvFj for any Fi,Fj ew

2

Lemma

Let A, = F, |, S be the affine part of the (¢ + 1)-flat £;
Fori=0,1,..,u—1 , §=S

(1) AvAi=(g—1)(Zs\5)

(2) Au(S,4) = Ay(4;,8) =Z,\ S

() AvFi=(g+1)(Zs\S)+k(S\{0})

Theorem
let n=2t+1 u= (""" ~-1)/(g-1)

(1) CyclicMSD {Fo, A1, Az, ..., Au—1} holds
u—1
)\i < qt“ +1 in A’UFO + ZA’UAI
i=1
(2) CyclicMSD {So0, 40, A1,.., Au-1} holds
u—1
N<g™—1 inA,S,+ ZAUAi
=0

=> Optimal FHS

Let Ho be a hyperplane of PG(2t+1,q) containing S

{Fo, F1,..., Fn—1} : the (t+1)-flats in Ho containing S
h=(¢"-1)/(g—1)

Theorem
(1) Cyclic MSD {Fo, A1, Az, ..., An-1}  holds

A > g® g2 p gt

in ZAU(F()’AZ)'F;A’U(A“AJ)
i 7]

(2) CYCIIC MSD {507 A70 7A1a “'7Ah—1} holds
P I I
in ) AL(So, Ai) + Y Au(Ai, A))
i i#]
=> DSS




Example: DSS on PG(5,2)

p=28
Fo=1{0,1,6,8,9, 14, 18,27, 36, 38, 45,48, 49,52, 54],
Ay=1{2,12,13, 16,28, 33,35, 41},
Ax=1{3,4,7.19,24,26, 32, 56},

p=28
An=1{1.6,8, 14,38, 48 49, 52},
A =1{2.12,13,16,28,33,35 41},
A2=1{3.4,7,19,24, 26,32, 56},
S=10.9_18.27.36.45. 54}

31
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Line Partition Problem
(t-partitioning, hyperplane line spread )
* A partition of the line set of PG(2n,q)

* Each class is a partition of the point set of
distinct hyperplane

96 (@

Affine skew resolution and PG Resolution

n odd
PG(n.q)

Theorem (Fuji-Hara and Vanstone 1988)

If there exist a hyper skew resolution in AG(2n+1,q)
and a line partition in PG(2n,q), then there exists a

resolution (parallelism) in PG(2n+1,q).

Example: PG(4,2) 31 points, 31XS5 lines

Base lines of a cyclic line partition
Ci={1, 14, 15},
C2=1{2, 28, 30},
Cs=1{4, 25, 29},
Cs4={8, 19, 27},

(JC: is a hyperplane
Cs={16, 7, 23}

(1) A disjoint difference family with A =1
(2) Their union is a difference set with A=7

(3) Perfect Regular DSS Y As1(Cy, C5) = 6(Zs1 \ {0})
i

A cyclic line partition of PG(4,3) , v=121

B, = {46, 47, 51, 115}
B,={2,5,17, 88}
By =1{112,0,36,7}
By = {79, 106,93, 6}
Byo= {101, 61,22, 3}

B, = {28, 30, 74, 102}
B,= {69, 75, 86,49}
B,={71,89,1, 11}
B,={77, 10, 109, 18}
Bs= {95, 15,70, 39}




Known Line Partitions

Non Cyclic
PG(2%-2,q) , q prime power, k=2,3,...

Cyclic
PG4,2) PG(6,2) PG(82) PG(10,2)

PG(4,3) PG(6,3)

PG(45) PG(48) PG(49)

10.5.25
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